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Topics covered

• General notions of Lie groups and algebras

• Classical groups as metrics preserving groups;

• Typical parametrization of classical groups

• Applications in physics

Plan

1. Basics of simple Lie algebras

2. Root systems, Cartan-Weyl basis

3. Dynkin diagrams, fundamental weights, finite dimensional representations.

4. Automorphisms of finite order, Weyl group, gradings

5. Integrable systems and Lax representations

6. Simple Lie algebras and integrable systems.

7. Classical R-matrix and classical Yang-Baxter eq.
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LECTURE 1
General notions of Lie groups and algebras

Definition: G is a Lie group if its elements Ti satisfy:

1. TiTj = Tk ∈ G;

2. (T1T2)T3 = T1(T2T3) associativity

3. there exist 11 such that 11Ti = Ti;

4. there exist T−1
i such that TiT

−1
i = T−1

i Ti = 11.

Examples: Finite groups:

Z2 : 11, T1, T 2
1 = 11

11 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , T1 =


0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 1

 , T1 =


0 0 0 1
0 1 0 0
0 0 −1 0
1 0 0 0

 , . . .
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Each realization of Ti is called representation.

Zh : {11, T1, T
2
1 , . . . , T

h−1
1 }, Th1 = 11

h = 3, 11 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , T1 =


0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1

 ,

The permutation group Sn, n = 5:

T1 : (1, 2, 3, 4, 5) → (2, 1, 3, 4, 5), T1 =


0 1 0 0 0
1 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 ,
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T2 : (1, 2, 3, 4, 5) → (2, 3, 4, 5, 1), T2 =


0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 0 0 0 0

 ,

Continuous groups – coordinate transformations

Rotation on the plane SO(2): T (θ) =

(
cos θ sin θ
− sin θ cos θ

)
, T (θ1)T (θ2) = T (θ1+θ2),

T (0) =

(
1 0
0 1

)
, T−1(θ) = T (−θ) =

(
cos θ − sin θ
sin θ cos θ

)
,

This group is commutative.
Rotation in the 3-dim space (Eiler angles):

T1(ψ) =

 1 0 0
0 cosψ sinψ
0 − sinψ cosψ

 , T2(θ) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 , T3(ϕ) =

 cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1

 ,

This group SO(3) is non-commutative, i.e. T1(ϕ)T2(θ) ̸= T2(θ)T1(ϕ).

0-5



Importance due to numerous applications in:

• solid state physics (expecially cristals);

• systems of ordinary differential equations (linear changes of variables)

• differential geometry, gravitation

• nuclear theory

• quantum mechanics

• elementary particle theory

• Hamiltonian systems

• conformal field theories, integrable models
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The Lie groups G are nonlinear manifolds.
The exponential mapping relates them to Lie algebras g, which are linear manifolds.

Ti(t) = exp(tXi), Xi is the generator of g.

Ti(t) = 11 + tXi +
1

2
t2X2

i + · · · , Xi =
dTi
dt

∣∣∣∣
t=0

.

The group commutator:

Ti(t)Tj(t)T
−1
i (t)T−1

j (t)

= (11 +Xit+ · · · )(11 +Xjt+ · · · )(11 −Xit+ · · · )(11 −Xjt+ · · · )
= 11 + t2(XiXj −XjXi) + · · ·
= 11 + t2[Xi, Xj ] + · · ·

Lie bracket:
[Xi, Xj ] = XiXj −XjXi.

From now on we will view the elements of G and g as matrices. The group multiplication
is just the multiplication of matrices.

Along with this realization there are many others in terms of
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• partial differential operators

• vector fields

• creation and annihilation operators

Indeed, let us introduce:

Ekj =


0 . . . 0 . . . 0
...

. . .
...

...
0 . . . 1 . . . 0
...

...
. . .

...
0 . . . 0 . . . 0

 k

j

i.e.

(Ekj)lm = δklδjm, Dkj = xk
∂

∂xj
, Akj = a†kaj ,

where a†k, aj are the creation and annihilation operators satisfying the canonical commutation
relations:

[a†k, a
†
j ] = 0, [a†k, aj ] = δkj , [ak, aj ] = 0.
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Then it is easy to check that:

Ekj , Akj , Dkj

satisfy the same commutation relations:

[Ekj , Esp] = δjsEkp − δkpEsj , [Dkj ,Dsp] = δjsDkp − δkpDsj ,

[Akj ,Asp] = δjsAkp − δkpAsj .

If we have a matrix representation of a Lie algebra, we can immediately construct a represen-
tation in terms of vector fields, or in creation-annihilation operators.
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The generators of so(3):

X1 =
dT1
dψ

∣∣∣∣
ψ=0

=

 0 0 0
0 0 1
0 −1 0

 , X2 =
dT2
dθ

∣∣∣∣
θ=0

=

 0 0 1
0 0 0
−1 0 0

 .

X3 =
dT3
dϕ

∣∣∣∣
ϕ=0

=

 0 1 0
−1 0 0
0 0 0

 .

The commutation relations of so(3):

[X1, X2] = X3, [X2, X3] = X1, [X3, X1] = X2, or [Xi, Xj ] = ϵijkXk

where ϵijk is the completely antisymmetric tensor ϵ123 = 1.
Representation as vector fields:

M1 = x1
∂

∂x2
− x2

∂

∂x1
, M2 = x1

∂

∂x3
− x3

∂

∂x1
, M3 = x2

∂

∂x3
− x3

∂

∂x2
.
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or in terms of creation and annihilation operators:

S1 = a†1a2 − a†2a1, S2 = a†1a3 − a†3a1, S3 = a†2a3 − a†3a2.

Obviously

[M1,M2] =M3, [M2,M3] =M1, [M3,M1] =M2, or [Mi,Mj ] = ϵijkMk

[S1, S2] = S3, [S2, S3] = S1, [S3, S1] = S2, or [Si, Sj ] = ϵijkSk
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Classical Lie groups as transformations preserving metrics
in linear spaces V :

• Orthogonal groups O(n). V ≃ En with metric generated by the scalar product

(x⃗, y⃗) ≡ x⃗T y⃗ =

n∑
j=1

xjyj .

Then any element T ∈ O(n) is defined as:

(T x⃗, T y⃗) ≡ (T x⃗)TT y⃗ = x⃗TTTT y⃗ ≡ x⃗T y⃗ ↔ TTT = 11.

For the algebra elements: X +XT = 0.
• Unitary groups U(n). V ≃ Cn with metric generated by the scalar product

(x⃗, y⃗) ≡ x⃗†y⃗ =
n∑
j=1

x∗jyj .

Then any element T ∈ U(n) is defined as:

(T x⃗, T y⃗) ≡ (T x⃗)†T y⃗ = x⃗†T †T y⃗ ≡ x⃗†y⃗ ↔ T †T = 11.
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For the algebra elements: X +X† = 0.

• Symplectic groups SP (2n). V ≃ E2n or C2n with metric generated by the skew-
scalar product

(x⃗, y⃗) ≡ x⃗TS1y⃗ =
n∑
j=1

(xjyn+j − xn+jyj), S1 =

(
0 11
−11 0

)
.

Then any element T ∈ SP (2n) is defined as:

(T x⃗, T y⃗) ≡ (T x⃗)TS1T y⃗ = x⃗TTTS1T y⃗ ≡ (x⃗T , y⃗) ↔ TTS1T = S1.

For the algebra elements: S1X +XTS1 = 0.

• The special orthogonalSO(n), special unitarySU(n) and special symplectic groups:
request in addition

detT (t) ≡ exp(tX) = 1, therefore trX = 0.
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Proof: Let τj be the eigenvalues of T . Then

T = U−1

 τ1 . . . 0
...

. . .
...

0 . . . τn

U = U−1 exp

 ln τ1 . . . 0
...

. . .
...

0 . . . ln τn

U .

If detT ≡
∏n
j=1 τj = 1 then

trX =
n∑
j=1

ln τj = ln
n∏
j=1

τj = ln 1 = 0.

Lie algebras:
The Lie algebra g is a linear space equipped with a Lie bracket [· , ·] having the proper-

ties:

• Linearity: [c1X + c2Y, Z] = c1[X,Z] + c2[Y, Z];

• skew-symmetricity: [X,Y ] = −[Y,X];
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• Jacobi identity: [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0.

Define the structure constants Cljk of g:
Assume Xj , j = 1, . . . , L = dim g form a basis in g. Then

[Xj , Xk] =

L∑
l=1

CljkXl.

• Properties of the structure constants:
skew-symmetricity: Cljk = −Clkj ;

Jacobi identity:
∑L
s=1(C

p
jsC

s
kl + CpksC

s
lj + CplsC

s
jk = 0.

• Remark: Any elementX ∈ g may be written asX =
∑L
j=1 cjXj . The constants cj

can be either real or complex. So we can consider g over the real or complex numbers.
In what follows cj will be considered complex.

Definition 1 (Homomorphism) — mapping of one algebra g to another g′ which is linear
and preserves the algebraic operation:

p : g → g′, p(αX + βY ) = αp(X) + βp(Y ),

p ([X,Y ]) = [p(X), p(Y )]; (1)
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Definition 2 (Isomorphism) — a homomorphism p which is one to one.

For example the algebras su(2) and so(3) are isomorphic, while their groups are not
isomorphic. Also so(4) and so(3)⊗ so(3).

Definition 3 (Automorphisms) — p : g → g with p – one to one.

p(αX + βY ) = αp(X) + βp(Y ),

p ([X,Y ]) = [p(X), p(Y )]. (2)

Example 1 p(X) = AXA−1, where A ∈ G. This an inner automorphism. All other
automorphism are outer automorphisms. For example:

φ(X) = −Xt. (3)

Ifφ2 ≡ id, i.e. ifφ(φ(X)) ≡ X , thenφ is an involutive automorphism. Other examples
of such automorphisms are provided by:

φ(X) = −X†, φ(X) = X∗. (4)

Definition 4 (Subalgebra) — a subset g0 of a Lie algebra g is called a subalgebra of g if:
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• g0 is a linear subspace of g;

• [X,Y ] ∈ g0 for all X,Y ∈ g0.

Definition 5 The subalgebra is abelian if [X,Y ] = 0 for all X,Y ∈ g0.

Definition 6 (Ideal) — a subset g0 ⊂ g forms an ideal or invariant subalgebra of g if:

• g0 is a linear subspace of g;

• [X,Y ] ∈ g0 for any X ∈ g0 and Y ∈ g.

Obviously g is an ideal to itself and {0} is an ideal to any Lie algebra g. If g contains
elements that are not in g0 and g0 ̸≡ {0}, then g0 is a proper ideal.

Example 2• sl(n,C) is an ideal of gl(n,C);
• so(n,C) is an ideal of o(n,C);
• o(n,C) is a subalgebra of gl(n,C) but is not an ideal of gl(n,C).

Theorem 1 ([Ado]) . Every Lie algebra allows matrix representation.
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Adjoint Action and Adjoint Representation. To each element X ∈ g we can put into
correspondence the linear operator ad(X):

adX = [X, ·], i.e. adX · Z = [X,Z]. (5)

Prove that
[adX , adY ] · = ad[X,Y ]· (6)

Indeed, start with the Jacobi identity:

[X, [Y, Z]] + [Z, [X,Y ]] + [Y, [Z,X]] = 0,

adX · ad Y Z − ad [X,Y ]Z − ad Y adXZ = 0,

q.e.d.
From the definitions (5) we have:

adXk
·Xl = [Xk, Xl] =

∑
m

CmklXm. (7)
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Thus adXk
may be viewed as an L × L matrix with matrix elements given by the structure

constants:
(adXk

)ml = Cmkl . (8)

Then using Jacobi identity for Cmkl one can prove:

[adXk
, adXm ] · =

∑
p

CpkladXp · (9)

Definition 7 The Killing form:

B(X,Y ) = tr (adX · adY ·) (10)

is a symmetric bilinear form on g. In particular:

B(Xk, Xp) = tr
(
adXk

· adXp ·
)
=
∑
l,m

CmklC
l
pm = gkp, (11)

give the components of the Killing tensor.

Theorem 2 The Killing form has two important properties:
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1. It is independent of the choice of the basis in g;

2. It is invariant under the group of automorphisms of g.

Proof Let X , Y ∈ g and let

X =
∑
k

xkXk, Y =
∑
l

ylXl. (12)

Then
B(X,Y ) =

∑
k,l

xkylB(Xk, Xl) =
∑
k,l

xkylgk,l. (13)

Let us consider the commutation relations:

[Xk, Xl] =
∑
m

Ckl
mXm (14)

and let us apply to both sides the automorphism p. Using the main property we get:

[p(Xk), p(Xl)] =
∑
m

Ckl
mp(Xm) (15)
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i.e., the automorphisms do not change the structure constants Ckl
m. Therefore:

B (p(Xk), p(Xl)) =
∑
l,m

Ckl
mCpm

l = B (Xk, Xl) . (16)

This invariance of B(X,Y ) has the following consequences. Indeed, let p be an auto-
morphism of the form:

p(X) = AXA−1, A = exp(αZ), Z ∈ g. (17)

Suppose also, that α is small; then:

p(X) = X + α[Z,X] +O
(
α2
)
,

p(Y ) = Y + α[Z, Y ] +O
(
α2
)
. (18)

Inserting these relations into B(p(X), p(Y )) we get the expression:

B
(
X + α[Z,X] +O

(
α2
)
, Y + α[Z, Y ] +O

(
α2
))

= B(X,Y ) + α (B ([Z,X], Y ) +B (X, [Z, Y ])) +O
(
α2
)

(19)
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which must coincide with B(X,Y ). Therefore:

B ([Z,X], Y ) +B (X, [Z, Y ]) = 0, (20)

must hold identically for any choice ofX , Y ,Z ∈ g. This relation is known as local formulation
of the invariance of B(X,Y ) under the group of automorphisms of g.

Definition 8 g is simple if it contains no proper ideals;

Definition 9 g is semisimple if it contains no abelian ideals except {0};

Theorem 3 g is semisimple if and only if

g = g1 ⊕ · · · ⊕ gs (21)

where each gk is a simple Lie algebra.

Theorem 4 (Killing.) The Lie algfebra g is semisimple if and only if det |gkp| ̸= 0.

Example 3 so(3) – [Xk, Xl] = ϵklmXm. Thus for the adjoint representation we have

(Xk)
T
ml = ϵklm, i.e.:

X1 =

(
0 0 0
0 0 1
0 −1 0

)
, X2 =

(
0 0 −1
0 0 0
1 0 0

)
, X3 =

(
0 1 0
−1 0 0
0 0 0

)
. (22)
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As a result from the definition (10) of the Killing form we get:

g11 = tr(X1 ·X1) = −2, g22 = tr(X2 ·X2) = −2,

g33 = tr(X3 ·X3) = −2, g12 = g13 = g23 = 0. (23)

In another words gkp = −2δkp for so(3) and from theorem 4 it follows that so(3) is semisim-
ple or simple Lie algebra.

Example 4 The Euclidean group in the plane R2 is given by:(
x
y

)
→
(
x′

y′

)
= A(θ)

(
x
y

)
+
(
a
b

)
, A(θ) =

(
cos(θ) sin(θ)
− sin(θ) cos(θ)

)
. (24)

We can parametrize the group elements by:

AE(θ, a, b) =

(
cos(θ) sin(θ) a
− sin(θ) cos(θ) b

0 0 1

)
, (25)

so that (24) can be written in the form:(
x′

y′

1

)
= A(θ, a, b)

(
x
y
1

)
(26)
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The corresponding infinitesimal generators are:

Xθ =
∂AE
∂θ

∣∣∣∣∣
θ=a=b=0

=

(
0 1 0
−1 0 0
0 0 0

)
, Xa =

∂AE
∂a

∣∣∣∣∣
θ=a=b=0

=

(
0 0 1
0 0 0
0 0 0

)
,

Xb =
∂AE
∂b

∣∣∣∣∣
θ=a=b=0

=

(
0 0 0
0 0 1
0 0 0

)
, (27)

and they obviously satisfy the commutation relations:

[Xθ, Xa] = −Xb, [Xθ, Xb] = Xa, [Xa, Xb] = 0. (28)

X1 =

(
0 1 0
−1 0 0
0 0 0

)
, X2 =

(
0 0 1
0 0 0
0 0 0

)
, X3 =

(
0 0 0
0 0 1
0 0 0

)
,

[X1, X2] = −X3, [X1, X3] = X2, [X2, X3] = 0. (29)

The adjoint representation is given by

adX1

(
X1
X2
X3

)
≡

(
[X1, X1]
[X1, X2]
[X1, X3]

)
=

(
0

−X3
X2

)
=

(
0 0 0
0 0 −1
0 1 0

)(
X1
X2
X3

)
(30)
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Denoting by X̃k = adXk
we have:

X̃1 =

(
0 0 0
0 0 −1
0 1 0

)
, X̃2 =

(
0 0 1
0 0 0
0 0 0

)
, X̃3 =

(
0 −1 0
0 0 0
0 0 0

)
, (31)

The metric tensor gkl = tr
(
X̃kX̃l

)
is equal to:

g =

(
−2 0 0
0 0 0
0 0 0

)
. (32)

Check that X̃k = −SXt
kS where S =

(
0 0 1
0 1 0
1 0 0

)
, i.e. in this case the adjoint representa-

tion is automorphic to the initial one.

Example 5 so(4) has 6 generators which can be represented by the following 4× 4 skew–
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symmetric matrices:

M1 =

 0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 , M2 =

 0 0 −1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , M3 =

 0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

 ,

N1 =

 0 0 0 −1
0 0 0 0
0 0 0 0
1 0 0 0

 , N2 =

 0 0 0 0
0 0 0 −1
0 0 0 0
0 1 0 0

 , N3 =

 0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0

 ,

which satisfy the commutation relations:[
M̂i, M̂j

]
= ϵijkM̂k,

[
M̂i, M̂i

]
= 0,[

M̂i, N̂j

]
= ϵijkN̂k,

[
N̂i, N̂j

]
= ϵijkM̂k, (33)

It is instructive to change the basis to:

Jk =
1

2
(Mk +Nk) , Kk =

1

2
(Mk −Nk) , (34)
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Ĵk =
1

2

(
M̂k + N̂k

)
, K̂k =

1

2

(
M̂k − N̂k

)
, (35)

Then the commutation relations are simplified:[
Ĵi, Ĵj

]
= ϵijkĴk,

[
Ĵi, K̂j

]
= 0,

[
K̂i, K̂j

]
= ϵijkK̂k. (36)

Thus the set of generators {Ĵ1, Ĵ2, Ĵ3} and {K̂1, K̂2, K̂3} are separately closed under the
commutation relations. Each of these sets satisfy the commutation relations of so(3). So
so(4) may be considered as a direct sum of two different copies of so(3) algebras:

so(4) = so(3)⊕ so(3). (37)

Each of the sets {Ĵ1, Ĵ2, Ĵ3} and {K̂1, K̂2, K̂3} form a proper ideal in so(4), so so(4) is
not simple but a semisimple Lie algebra.

Definition 10 One can also introduce a new linear operation in the algebra which formally
may be called differentiation. This is a linear mapping:

D : g → g, D(αX + βY ) = αD(X) + βD(Y ), (38)

which satisfies:
D ([X,Y ]) = [D(X), Y ] + [X,D(Y )] . (39)
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This resembles the formula for differentiation by parts with respect to the Lie–algebraic
operation [ , ]. If we have two such operations D1 and D2, then [D1, D2] is also a differen-
tiation. Prove it by using the Jacobi identity.

An example of such differentiation is the adX operation, which by definition is:

adX(Y ) = [X,Y ] , (40)

where X is a fixed and Y is an arbitrary element of the algebra g. This operation is known
also as the adjoint action of g onto itself. One can prove, that:

ad[X,Y ](Z) = [adX , adY ] (Z), (41)

which is again a consequence of the Jacobi identity.
Derivations of Lie Algebras. Let us introduce g(1) = [g, g] – the set of all possible

commutators [X,Y ], where X and Y take any value in g. We can differentiate once again.
If we define:

g(k) =
[
g(k−1), g(k−1)

]
, k = 1, 2, . . . (42)

Then the sequence g, g(1), g(2), . . . , g(k), . . . is called the derived series of the Lie algebra
g.
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If for some positive integer k we have:

g(k) = 0, (43)

then g is called a solvable Lie algebra.

Theorem 5 If g is a solvable Lie algebra then every Lie subalgebra of g is also solvable.

Starting from a Lie algebra g we may also consider another sequence of algebras:

g2 = g(1) = [g, g] , gn =
[
g, gn−1

]
. (44)

The series
g ⊇ g2 ⊇ g3 ⊇ · · · (45)

is called the descending central series or descending sequence of ideals. If for some integer
k

gk = 0, (46)

then g is said to be nilpotent.

Exercise 1 Show that gn are ideals of g.
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Theorem 6

1. Every solvable Lie algebra can be represented by upper triangular matrices;

2. Every nilpotent Lie algebra can be represented by upper–triangular matrices with zeroes on
the diagonal.

Studying the structure of the ideals g1, g2, . . . one reaches the following conclusions:

• the series g1, . . . , gn, . . . is always finite;

• after some large enough n ≥ N we have gN−1 ⊃ gN = gN+1 = · · · .

gN may have proper ideals that are not solvable. Then gN is a semisimple Lie algebra.
If gN has no proper ideals then it is simple Lie algebra. In general each Lie algebra can be
represented as a direct sum:

g = ss⊕ r (47)

where ss means semisimple and r is a solvable radical.
More rigorously we shall say that g is a direct sum of Lie subalgebras if:

g = g1 ⊕ g2 ⊕ · · · ⊕ gn, and gi ∩ gj = 0. (48)
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If g has two subalgebras g1 and g2 such that

[g1, g1] ⊂ g1, [g1, g2] ⊂ g2, [g2, g2] ⊂ g2, (49)

then we shall say that g is a semidirect sum:

g = g1 ⊕s g2, (50)

where g1 is an ideal and g2 is the residual part.

Theorem 7 Any Lie algebra g may be written as a semi–direct sum

g = S ⊕s P

where P is solvable and S is semisimple Lie algebra.
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Classification of Lie Algebras

Structure of the Adjoint Representation

A Lie algebra g is uniquely defined by its structure constants:

[Xi, Xj ] =
r∑

k=1

Cij
kXk, (51)

which must be skew–symmetric: Cij
k = −Cjik

and satisfy Jacobi identity:

L∑
m=1

(Cij
mCmk

n + Cki
mCmj

n + Cjk
mCmi

n) = 0.

With the help of Cij
m we also constructed the adjoint representation of g. If we think of

Xk as a basic vector |Xk⟩ in some r–dimensional real space then the adjoint action:

adXi ·Xk = [Xk, Xi] (52)
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can be rewritten as:

adXi |Xk⟩ = |[Xk, Xi]⟩ = −
r∑

m=1

Cik
m |Xm⟩ (53)

i.e.,
(adXi

)
m
k = −Cikm. (54)

In this particular representation the algebraic operation [Xk, Xi] is actually equivalent to ma-
trix multiplication.

Obviously the structure constants contain excess information; so does the adjoint rep-
resentation of g. Now we shall briefly discuss a way to cast the adjoint representation into
a canonical form. We already introduced the notion of derived algebra and constructed the
following sequence of ideals of g:

g, g(1) = [g, g], . . . , g(k) = [g, g(k−1)]. (55)

After a finite number of steps we reach to a subalgebra g(N) such that:

g ⊃ g(1) ⊃ · · · ⊃ g(N−1) ⊃ g(N) = g(N+1) = · · · (56)
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Let us now introduce a basis in g in the following way:

X
(1)
k – span g/g(1), (i.e. X

(1)
k ∈ g but X

(1)
k ̸∈ g(1); )

X
(2)
k – span g(1)/g(2)

X
(N)
k – span g(N−1)/g(N),

X
(N+1)
k – span g(N)

(57)

Consider for simplicity N = 2 and let

Xk– span g/g(1), Yk– span g(1)/g(2), (58)

and Zk span g(2) = g(3) = · · · . Every element in g is a linear combination:

A =
∑
k

AkXk +
∑
l

A′
lYl +

∑
m

A′′
mZm. (59)

Analogously if B ∈ g(1), then

B =
∑
l

B′
lYl +

∑
m

B′′
mZm. (60)
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and if C ∈ g(2), then:

C =
∑
m

C ′′
mZm. (61)

Let us now calculate adX , X ∈ g/g(1). From the definition of g(1) we have:

adXA ≡ [X,A] = b ∈ g(1) (62)

i.e.,
adXA ≡

∑
l

b′lYl +
∑
m

b′′mZm. (63)

This is true for all A ∈ g. However if A = C ∈ g(2) we can prove that the terms with Yl will
vanish. Indeed:

adXA =
∑
m

c′′mZm. (64)

and by definition each Zm can be written as:

Zm = [Y ′
m, Y

′′
m] , (65)
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where Y ′
m, Y ′′

m are conveniently choosen elements of g(1). Then using Jacobi identity we
get:

[Zm, X] ≡ [[Y ′
m, Y

′′
m] , X]

= − [[X,Y ′
m, ] , Y

′′
m]− [[Y ′′

m, X] , Y ′
m] = 0. (66)

Again by definition [X,Y ′
m] ⊂ g(1); [Y ′′

m, X] ∈ g(1) and Y ′
m, Y ′′

m ∈ g(1). So both
terms in the last equality belong to

[
g(1), g(1)

]
= g(2). Thus we proved that adX has the

following block–matrix structure:

adX =

X Y Z 0 ∗ ∗
0 ∗ ∗
0 0 ∗

 X ∈ g/g(1)

Y ∈ g(1)/g(2)

Z ∈ g(2)

(67)

where ∗ stays for some non–zero matrix elements. In analogous way one can deduce the
matrix structure also of the other operators: adY and adZ , Y ∈ g(1)/g(2) and Z ∈ g(2).
The final answer is that all elements of g in the adjoint representation have the same
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block–matrix structure:

adA =

 0 ∗ ∗
0 ∗ ∗
0 0 ∗

 g(0)/g(1)

g(1)/g(2)

g(2)
(68)

where g(0) ≡ g. In the general case for N > 2 we get:

adA =



0 ∗ ∗ . . . ∗ ∗
0 ∗ ∗ . . . ∗ ∗
0 0 ∗ . . . ∗ ∗
...

...
...

. . .
...

...

0 0 0 . . . ∗ ∗
0 0 0 . . . 0 ∗



g(0)/g(1)

g(1)/g(2)

g(2)/g(3)

...

g(N−1)/g(N)

g(N)

(69)

Such structure is impossible only if N = 1, i.e. g ≡ g(1); then by definition g is simple Lie
algebra and only the right–hand down corner of adA is present.
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Definition 11 Suppose we have a matrix representation of g (not necessarily the adjoint one)
which has the block structure (69). Such representation we shall call reducible, but not fully
reducible.

Definition 12 If the representation can be cast in a block–diagonal form:

adA =



0 0 0 . . . 0 0
0 ∗ 0 . . . 0 0

0 0 ∗ . . . 0 0

...
...

...
. . .

...
...

0 0 0 . . . ∗ 0

0 0 0 . . . 0 ∗


(70)

then we shall call it fully reducible. If the representation of g has no block–matrix structure
then we call it irreducible.
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Comparing these definitions with the definitions of solvable, semisimple and simple Lie
algebras we get the following rule:

• g is a solvable Lie algebra if its adjoint representation is reducible, but not fully re-
ducible;

g =

 0 ∗ ∗
0 ∗ ∗
0 0 ∗

 (71)

• g is a semisimple Lie algebra if its adjoint representation is fully reducible;

g =

 ∗ 0 0
0 ∗ 0

0 0 ∗

 (72)

• g is a simple Lie algebra if its adjoint representation is irreducible.

g = (∗) .
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Bases in Classical Lie Groups and Algebras

We present here the well known parametrizations of the classical Lie algebras and some of
their real forms.

Linear and Unitary Groups and Algebras.

Gl(n,C)

Any element M of this group can be represented as an n× n matrix:

X =


A11 A12 . . . A1n

A21 A22 . . . A2n

...
...

. . .
...

An1 An2 . . . Ann

 =

n∑
i,j=1

AijEij (73)
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where the basic matrices Eij are given by:

Eij =

i

0 0 . . . 0 . . . 0
0 0 . . . 0 . . . 0
...

...
. . .

...
. . .

...
0 0 . . . 1 . . . 0
...

...
. . .

...
. . .

...
0 0 . . . 0 . . . 0

j
(74)

has just one non–zero matrix element different from zero and equal to one on the intersection
of the i–th row and j–column. The matrix elements Aij in (73) are complex numbers, i.e.
Aij = aij + ibij where aij and bij are arbitrary real numbers.
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sl(n,C)

same as gl(n,C) with the restriction:

trX =

n∑
j=1

Ajj = 0; (75)

u(n,C)

same as gl(n,C) with the restriction:

X = −X† i.e. Aij = −A∗
ji (76)

which leaves as independent only the elements Aij with i ≤ j. The elements of the corre-
sponding unitary group U(n,C) are the exponentials U = exp(X). They satisfy:

UU† = 11. (77)

and preserve the metric:

(z⃗, z⃗) ≡ z⃗†z⃗ =

n∑
i=1

z∗i zi (78)
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U(p, q,C) is another real form of the group SL(n,C); its elements preserve the metric:

(z⃗, gz⃗) =
n∑

j,k=1

z∗j gjkzk =

p∑
j=1

z∗j zj −
p+q∑
j=p+1

z∗j zj , (79)

where

gjk = ϵjδjk, ϵj =

{
1 for j = 1, . . . , p
−1 for j = p+ 1, . . . , p+ q

(80)

The parametrization of u(p, q,C) is obtained from the parametrization of u(p+ q,C) by the
so called Weyl unitary trick:(

X11 X12

−X†
12 X22

)
−→

(
X11 iX12

−iX†
12 X22

)
(81)

where we have assumed a block–matrix structure; the diagonal blocks are skew–hermitian
matrices:

X11 = −X†
11, X22 = −X†

22, (82)

while X12 is an arbitrary complex p× q matrix.
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su(n,C)

– same as u(n,C) with trX = 0;

su(p, q,C)

– same as u(p, q,C) with trX11 + trX22 = 0;

su∗(2n,C)

The corresponding group SU∗(2n) consists of all matrices in SL(2n,C) which satisfy:

U†JU = J, detU = 1, (83)

with

J =

(
0 11
11 0

)
(84)

Considering U = exp(iαX) for small values of α we get that the elements of the corre-
sponding Lie algebras su∗(2n) must satisfy:

X†J − JX = 0, tr X = 0. (85)
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If we write down X as composed of 4 n × n blocks then (84) means that these blocks are
interrelated by:

X =

(
A B

−B∗ A∗

)
, trA+ trA∗ = 0, (86)

where A and B are arbitrary complex n× n matrices.
Orthogonal Groups and Algebras.
The orthogonal groups so(n,R) consist of the transformations

x⃗′ = Ux⃗, (87)

where x⃗ = (x1, . . . , xn)
t ∈ Rn, which preserve the metric:

(x⃗, x⃗) =
n∑
k=1

x2k. (88)

Obviously the requirement (x⃗′, x⃗′) = (x⃗, x⃗) means that the element U ∈ SO(n) must
satisfy:

U tU = 11 (89)
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so(n,C) and so(n,R)

If U = exp(αM) where α is a small parameter we get that the algebra so(n,C) consist of
the skew–symmetric matrices:

X = −Xt, i.e. Aij = −Aji, (90)

where the matrix elements Aij take arbitrary complex (for so(n,C)) or real (for so(n,R))
values respectively.

It will be natural to introduce as a basis in so(n,C) the matrices:

Oij = Eij − Eji, i < j. (91)

The group so(n,R) allows an extension also to the complex case, or more exactly to the field
of complex numbers. The elementsU ∈ so(n,C) will be considered as transformations (??)
which preserve the bilinear form:

(z⃗, z⃗) =
n∑
k=1

z2k. (92)

Remark 1 This is not a metric since (z⃗, z⃗) may take arbitrary complex values. The condi-
tions that must be satisfied by the corresponding Lie group and Lie algebra elements are like
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above, so Oij form the basis also for so(n,C). However now we consider X to be linear
combination of Oij with complex–valued coefficients.

so(p, q,R)

consist of the transformations (87) which preserve the indefinite metric:

(x⃗, gx⃗) =

p+q∑
k,j=1

xkgkjxj =

p∑
k=1

x2k −
p+q∑

k=p+1

x2k, (93)

where g is defined in (80). The element U ∈ SO(p, q,R) must satisfy:

U tgU = g, (94)

and the elements of the corresponding Lie algebra X ∈ so(p, q,R) satisfy:

Xtg + gX = 0, (95)

i.e. they are g–skew–symmetric. Introducing X in block–matrix form in analogy with (81) we
find that the general form of the elements of so(p, q,R) can be obtained from the the one of
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so(p+ q,C) again by the Weyl unitary trick (see (81)), which now has the form:(
X11 X12

−Xt
12 X22

)
−→

(
X11 iX12

−iXt
12 X22

)
(96)

Here the diagonal blocks X11 and X22 are skew–symmetric:

X11 = −Xt
11, X22 = −Xt

22, (97)

and X12 is arbitrary real p× q matrix.
The complex generalizations of these groups preserves the indefinite bilinear form:

(z⃗, gz⃗) =

p+q∑
k,j=1

zkgkjzj =

p∑
k=1

z2k −
p+q∑

k=p+1

z2k, (98)

see the remark above concerning the complex generalization of so(n). As basis in so(p, q,C)
and so(p, q,R) we should use instead of (91):

Oij = Eij − gEjig (99)
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so∗(2n)

The corresponding Lie group SO∗(2n,C) is the subgroup of SO(2n,C) which preserves
the skew–symmetric metric:

n∑
j=1

(
zkz

∗
n+k − zn+kz

∗
k

)
. (100)

The elements of the algebra so∗(2n,C) have the form:

X =

(
X11 X12

−X∗
12 X

∗
11

)
,

X11 = −Xt
11, X12 = X†

12. (101)

We end this subsection by the commutation relations satisfied by the generators of so(n):

[Oij ,Ors] = Oisδjr +Ojrδis −Oirδjs −Ojsδir. (102)
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